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Abstract 

We consider the Euler type integral associated to the configuration space of points on an 
elliptic curve, which is an analogue of the hypergeometric function associated to the configuration 
space of points on a projective line. We calculate the twisted homology group, with coefficients in 
the local system associated to a power function g" of an elliptic function g, and the intersection 
form. Applying these calculations, we describe the connection matrices representing the linear 
isomorphisms induced from analytic continuations of the functions defined by the integrations of 
g" over twisted cycles. 
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1 Introduction 

In many cases, hypergeometric functions have (or are defined by) Euler type integrals. In fact, the 
hypergeometric function associated to the configuration space of points on has the following 
integral representation: 



/ 



' {t-Xif\t-X2f^---{t-Xnf"dt. 



In this paper, instead of P^, we shall consider the configuration space of points on an elliptic curve. 

Let C be an elliptic curve defined by C/F, where F := Zcui ©Z6J2 is a lattice generated by coi and 
0J2- We shall denote a point on C by an equivalence class I € C represented by x £ C. For a triple 
q = (xq, xi, X2) of points on C, we denote by Xq by the punctured elliptic curve, that is, the open 
Riemann surface deprived of four points {xo,xi,X2,0 e C). Our main objective is the integration of 
the multi-valued function g^, where a e C \ U is a fixed complex number, whose branch 
points are xq, X2, € C. The function g is expressed by Weierstrafi o function: 

_ o{t - xo)a(^ - Xi)o{t - X2) 
^ " aHt)oixo)aixi)o{x2) ' 

It depends only on the equivalence class t. So this function g is a meromorphic function on C 
holomorphic on Xq, which is a counterpart of rational functions on P^. Thus the function g" can 
be seen as an analogue of the multi-valued function t~^"{t — XQ)"{t — x-[)"{t — X2)" on P^. However, it 



may depend on a representative xq (resp. xi, X2) of the equivalence class Xq (resp. xi,X2). To avoid 
this, we assume that xq + Xi + X2 - 0. The integration of g^^dt over a path H^^^j (mentioned below) 
lying on Xg 

F,(^):= r (1) 

is a multi-valued function with respect to q defined over the configuration space S (defined later), 
which is a subset of S := {q = (xo,Xi,X2) | xq + Xi + X2 = 0} c C x C x C. 

This function F^, has singularities : Put D'^ := = (xo,xi,X2) £ S | Xj - Xj e r| and D'^ := j^j = 
(xo,Xi,X2) € S I X; £ r|; when belongs to D^i, the topological type of differs from that of an 

punctured Riemann surface deprived of four points from C ; when q belongs to D'^, the integrand 
g" is divergent. Hence we define a domain S of the function F^, by removing the singular loci D'^ 

and D'^ from S. 

We introduce an integration path H^, of the so-called twisted cycle. Aomoto theory (||5l) tells 
us that a path of an Euler type integral can be regarded as a homology class with coefficients in the 
local system defined by the multi-valuedness of the integrand. In our case, the local system iLx, is 
defined by the multi-valuedness of and we denote by {'^^i,q}f.i generators of Hi(Xg,XLx,,)- In ^ 
we give the concrete description of {S^^^}^, (Theorem 13. In ^ we calculate the intersection form 
among the twisted cycles (Theorem l4.H) . 

The function F^, on S can be seen as a flat section of a certain vector bundle over S or, equivalently, 
a solution of a certain linear differential equation(|8|) : The sheaf 8 of germs of functions defined 
by C-linear combinations of {F^,}^ is locally constant and § (8) Og is a flat (trivial) vector bundle 
over S. The analytic continuation along a path y in S induces the linear isomorphism between the 
stalks of 8 over the initial point and the terminal point of y ; the corresponding matrix is said to 
be the connection matrix. In ^ we consider the paths in S connecting two points corresponding 

to a configuration ^ j and another one given by interchanging two of the three points. For 

these paths, we calculate the connection matrices (Theorem I5.2|) . 

Finally, we briefly mention the relation with the recent work of H.Watanabe(19||10|). He con- 
siders there a fixed configuration ; the two-torsion points are removed from elliptic curves, which 
are deformed by the moduli parameter. He focuses the action of modular transformations on such 
elliptic curves and studies that action on (co)homology groups of elliptic curves deprived of the 
two-torsion points with coefficients in certain local systems, which are of different kind of ours. 
In this context, he interprets the monodromy transformations of Gaufi's hypergeometric function 
into the modular transformations. 

Acknowledgments. The author would like to thank H.Watanabe and TMano for fruitful 
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like to thank also Professors F.Kato and K.Fukaya for valuable comments and encouragements. 



2 The local system 

For a triple q - (xq, Xi, X2) of points on C = C/T, we denote by Xq an open Riemann surface deprived 
of four points xq, xi, xi, from C. We assume that Xq -i- Xi -I- X2 = throughout this paper. We shall 
introduce a local system iLx, which reflects the data of multi-valuedness of the function g" defined 
as follows. Let g be the following holomorphic function on Xq. 

_ o{t - XQ)a{t - xi)a(f - X2) 
a3(f)a(xo)a(xi)a(x2) 
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Using the identity ^ = Q{t), we have ^ = (C(f - xq) + Q{t - xi) + Q{t - X2) - 3Q{t))dt. We shall 
consider the following sheaf Lx^ '■ 

iLx, :=Ker|d-a^ :0x„ 

where a £ C \ U is a fixed complex number. This sheaf has no global section on X^. We 

o o 

take the open part Xg in X^ such that XLx,, has global sections on X^: 

Xq := c\(ax^uax7uox^), 

where Ox/ is the image of the segment [0, x,] in C through the natural projection C — > C. 

Lemma 2.1. 1. The sheaf Lx^ is a local system of rank 1 over C lohose local sections are generated by a 
branch of g". 

o 

2. The sheaf Lx,j has a non-zero global section q on Xq. 

proof. 1. The function g" is one of the solutions of the first-order ordinary linear differential 
equation {d- a'^^Q = 0. By the local theory of ordinary differential equations, local solutions 
of a first order linear differential equation are generated by a non-zero solution, whence the 
assertion. 

2. We shall prove that a single- valued solution of the equation [d- a^^Q - on Xg does exist. 

The logarithm of its solution is given by an integration of over an arc. The single- 
valuedness is equivalent to the condition that the integration over any closed loop vanishes. 

o o 

Note that X^ is homotopic to V S^. In fact, we can pick two loops Ico^, la,2 on Xq such that 

o 

the inclusion map la_,^ U la_,2 X^ is a deformation retract. That is the reason why we verify 

g 



the integrations of ^ over those two loops l^}^, Z^^ vanish. We denote by Ji(xo,Xi,X2) these 



integrations: 

//(xo,xi,X2) f f (Ca-xo) + Ca-xi) + Ca-X2)-3C(fM- 

Using the identity C'(0 = -pi^), we have ^ = J pit - Xj)dt = p{t)dt. This is a constant, 

which we denote by Uj. Then the equality 7,(xo,Xi,X2) = tt/Xq -I- 7t,Xi -I- 7t,X2 -I- 7,(0,0,0) holds. 
Note that xq -I- xi -I- X2 = (by the assumption) and 7,(0, 0, 0) = (by its definition). Hence the 
integrations /,(xo, Xi, X2) vanish. 

□ 

o 

Now we pick a non-zero global section g over Xq and fix it once for all in the sequel. For a path 

o 

I : I — > Xq with the initial point in Xq, we denote by the analytic continuation of g along /. 
Remark 2.2. Note that Xq is homotopic to the bouquet V • • • V S^. In fact, we can pick five loops Iq, h, 

Scopies 

h, 1(1)1, ^"^^ inclusion map /q U /i U /2 U lo)^ U la)2 ^ is a deformation retract. The loops Ico^, 

1(^2 the same ones as in the proof of lemma 12.11 The loop /,■ is a closed curve around the point Yj. The 
representation p : ni{Xq) — > C* corresponding to the local system XLx, is given by the formulae pQi) - c, 

p(Za,,.) = 1, where c:=e^''^". 
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3 The twisted homology 



We shall find generators of the twisted homology group Hi(Xq, £^x,)- 

The fc-chain group Ck{Xq,Lx,^ with coefficients in Hx^ is the complex vector space with basis 
o®Sa, where a : A — > Xq is a singular fc-simplex and Sg is a section of £x,, over a. The first boundary 
operator d : Ci(Xg,i:x,) — > Co(Xg,i:x,,) is given by (9(/ O s/) = Z(l) O s/;(i) - /(O) O S/;(o). The other 
boundary operators are given in similar fashions. The 1-st twisted homology group Hi{Xq, £x,) is the 
1-st homology of this complex, whose elements are called the twisted cycles. For two loops la)^, la>2 in 
the proof of lemma IZTl we denote by '^a)i,q (resp. '^a)2,q) the twisted cycle la^ (8) <;/_^,^ (resp. la,2 "S* ^i^,^)/ 
where g is given in ^ We introduce other twisted cycles ^{ij),q, which are the regularizations of the 
segments 



where e is a sufficiently small positive number; we denote by [x, -I- e, Xj — e] the oriented segment 
given by truncating each of both ends of the segment [xj, Xj] by the e-circle centered at x, or xy; we 
denote by Se(x,) a closed loop homotopic to the e-circle centered at x, both of whose initial and 
terminal points are at the initial point of the segment [X; -I- e,Xj + e], and Se(X;) is defined in exactly 
the same way; we shall indicate by ~ an image through the natural projection C — > C. Note that 
if £ is sufficiently small, this definition is independent of e. 




Theorem 3.1 (generators of Hi). 

1. The chains H(oi),^, S(i2),g, H(20),g, 2^,,^,,, Ea,2,q are cycles and generate Hi{Xq, £x,)- 

2. We have the relation H(oi),<, -I- 'E(i2),q + E(2Q),q = in Hi(X<,,iLx,)- 

proof. The remark IZ2l tells us two facts. One is that the elements of Hi(Xq, £x,) are represented by 
linear combinations of Iq ^ Qi^, h ® Qi^, h ® Qhr ^ (J/^,^, lco2 ® Qi^,^ - The other is that the topological 
euler number xO^q) equals 4. This implies that the dimension of Hi{Xq,£jx^) equals 4. We shall 
pick four linearly independent elements. The chain (gi g/. - -^Ij (8) g/. is a cycle homologous 
to E(ij),q. Immediately, we have the linear relation stated in this theorem. Then we obtain five 
elements of Hi (Xg, -Cx, ) subject to a single linear relation. The intersection form {Theoren \^.l\ in the 
next section tells us that any four of the five elements 'E(oi),q, '^(i2),q> '^(20),q' '^a}i,q, '^a)2,q are linearly 
independent. □ 

4 The intersection form 

The intersection form on twisted cycles is a bilinear form between Hi (Xg, ^^x,,) and Hi |Xq, iL^ j, 
where iL^ is the local system dual to Lx^; the local sections of iL^ are generated by g~'^ instead 
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of g". To describe the intersection form concretely, we shall take the generators S^^^^, '^'{12) q' 

%0),c,' "^i,? "^2,"? °^ ^1 (^9' ^xj which are given by replacing g (resp. c) by J (resp. i) in the 
definitions of S(oi),(j, S(i2),g, ^(20),q, ^a,i,q and 2^,2,^ respectively: 

where 7 (8) is a twisted singular 1 -simplex and fly(X) £ C(X). 

We define the ordering on the index set / := {(01), (12), (20), a>i,co2} of the generators of Hi : 



(01) < (12) < (20) <coi< 0)2. 



Now we have 



Theorem 4.1 (intersection form). We assume argxo < argxi < argxa. Tten ite intersection form 
between Hi {Xq, £x,) ^'^'^ Hi ^X^, £^ j fs ^/yen by the matrix 



In particular, the (2,2)-cofactor of this matrix is equal to 



r c+1 


1 


c 








c-l 
c 

'1' 
c-l 




c-l 
c+1 


c-l 

1 








c-l 
c 
c-l 




c+1 
c-l 










1 











-1 






c^+c+1 

,2 • 



proo/. The intersection number {2^,q, H^,^) can be calculated by summing up the local intersection 
numbers at each of the intersection points of the supports of E^^q and of H^^. The local intersection 
number (71 ® Cyi / 72 "S) ^ )p at the intersection point p of their supports is the product of the ordinary 

local intersection number (71,72))? and 
In the case of jU = v = (/;) e {(01), (12), (20)}: 

We change the representative of the homology class H^^ in such a way that its support meets that 
of H^,(j at two points pi, pj, which belong to the supports of Se{xi) <g) ^5-^ and of Se{xj) <g) Cg"^ 
respectively: 



c-l 

1 



X(-1)X 



(Pi) 



Q 



[Xj+€,Xj-€] 



iPi) C-l 



X 1 X 



iPj) 



Q 



[xi+e,Xj-e] 



iPi) 



. 1 . . C+1 

X (-1) X C X 1 X 1 = -. 




SeiXj) 



In the case oii^tv,ii,ve {(01), (12), (20)}: 

We change the representative of the homology class 5^.^^,^ ^ in such a way that its support meets that 
of S(if),q at a point pj on the support of Se{xj) O <;5"^: 



<S(12),q,Sj,i)^^) = <S(20),g,Hj'i2),<?> = <"(01),<?'"(20),(?> 



1 / 1^ 'W^'''^ 
-3^X(-1)X— ^ 



e,Xj-e]^Pp C — 1' 

1 ^ ^ 



c-1 




Se(^;) 



In the case of jU, v e a;2}: 



The ordinary intersection form (•,•) : Hi(X^,C)xHi(Xq,C) — > Cis given by [(Za);,^)]^^ 



1 
-1 



and = 1 at the intersection point p of the supports of and of loj^. Hence, 



1 

-1 



In other cases: 

We can change the representative of the homology class H^^ in such a way that its support does 



not meet that of H 



□ 



5 The connection matrix 

Put S := = {xo,Xi,X2) I xo + xi + X2 = O} c C x C x C, D'i := e S | x, - Xj e rj and Di, := 
{(J £ S I X; £ rj. We denote the configuration space by S := S \ (|J,.tyD'-' U [JiD'^^ and the point 
^y, Y/ ^ j on S by q{ijk), where coq := - (cui + a>2)- Let S be the sheaf over S of germs of functions 
defined by C-linear combinations of {f fi}^; the stalk over q^ijj^) is the vector space spanned by germs 

ofjr„ g^'dt] at q^q^k). 

In this chapter, we shall describe the linear isomorphisms among stalks of § over q(pi2)f q{2io) and 
(^(102)/ of which the corresponding matrices are called the connection matrices, induced by the analytic 
continuations of F^{q) := g^dt along four paths (given later) on S. These linear isomorphisms 

are identified with the isomorphisms among the homology groups |Hi(Xg,£x,)}^gj^ <?<?}' 
which are induced by pulling back the fibration (J — > S along the paths on S. Put Ji{q) := 
Hi{Xq, £x,) for brevity 
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We consider the paths in S, with x-[ fixed, whose initial (resp. terminal) point is (?(oi2) (resp. 
(7(210))- By their definitions, these paths are on the subset I (J = (xo,Xi,X2) e S \ Xi - ^ |, which meets 
the singular loci at six points ; it meets at four points (^J^^)' 1(02)' '^(oi)' ^^02) ' "^^^^s both and 

at the same point c]^^^y and meets both D^^ and at the same point (j^^y where 



mi,m2 ._ 
1(02) ■ 



(Oq niicoi + m2C02 coi C02 niicoi + m2a)2 



+ 



1,0 ^-1,0 j,2 .-If ^ithD02:The 



We define four paths corresponding to the intersection points (^^^2)' 1(02)' '?(02)' '?(02) 
path 7^2)"^ defined by slightly deforming a path from (j(oi2) to (7(210) via (7^2)"^^ such a way that 



y{02) avoias (7^Q2) 



'«i,m2/ N _ , miO^l + ^21^2 f^i CO2 

7(02) I 2 ^' ' 



micui + m2cy2 



< s < - 
2 



£,- + £< S < 1, 



2 2 ' 2 2 

where e is a small positive number. In a similar fashion, we define the paths f^^^^y /("qi)^/ ^(oi)' ''^(^oi) ' 
with X2 fixed, whose initial (resp. terminal) point is (7(oi2) (resp. <7(io2)) '■ 



.2,-1 



mi,m2, X ._ / ^0 , "^1^1 + ^2^2 f^l 

7(01) v^.' I T + ^ ■ 



miC^i +^21^2 ty2\ n ^ ^ 1 
r S, — , 0<S<- 

2 2 / 2 



£,- + £< S < 1. 



Note that the path 7^^^''"^ can be realized as a composition of 7^02)' ^(02)' ^(oi) ^^'^ -'^(oi)^' ^° 
a path, with Xq fixed, whose initial (resp. terminal) point is (7(oi2) (resp. (7(021))- For example. 



rm = (noi)) °()^(0^) °(42? (The following figure depicts the behavior 

of the representative z|^|j^"^(s) of the Zo-component of y^j^^'"^is), where i^Q^^f^l^ denotes the represen- 
tative of the XQ-component of q'!']("'^-) 




0,(02) 



0,(01) 



0,(02) 



For brevity, we denote by T(,y) the transposition (belonging to the symmetric group S3) ; T(,y)(/) = 
T(i;)(/) = i and T(,7)(fc) = kforkt i, j. 

We calculate the linear isomorphism ^7(^y)'"'^j between IK ((7(012)) and '^[q{T^ij■){0),T{ij)W,^:{ij){2))) by 
the twisted Picard-Lefschetz formula (IZJ) : The difference between a twisted cycle H and the 
transformed one (y'lij)"'^^ (^) is equal to the product of the vanishing cycle, which vanishes at the 

singular point and the constant factor which is calculated from the intersection numbers 

with the vanishing cycle and its local monodromy transformation. 

Let A^.^^'"^{q) be the cycle vanishing at the singular point q^^^^^r as q tends to q^^^^^ along an 
extended path of 7^^)'"^^ that touches '?("j)''"^- We have the following : 



Proposition 5.1 (vardshing cycles). 



A(02') ('?(012)) = -S(20),, 
1 

A(02)(^(012)) = -S(20), 

^°6lJ('?(012)) = S(01),, 

AJ^(^(012)) = S(oi),, 



■<7{012) ^H'l'liOU) "<y2,(7(012)' 



■9(012) '-'Wi,q(012) • 

proof. The vanishing cycle A"}^'"^{q(Qi2)) is a path on X^^^j^) connecting two points y, ^ depend- 
ing on the path yj^^)'™'. Replacing it by the linear combination of H(oi),q,„j,,, S(20),,,oi2), "^^'1,9(012) ^rid 
H(^2,(?(oi2)' obtain the assertion. (See the following figures, in which the dotted lines indicate the 



vanishing cycles.) 



-'<W2/<7(012) 




A?oJ^(t/(012)) 



COn 



□ 



We have the common basis for 3i(^(oi2)) and "K ((7(T,y(o),Ti;(i),Tij(2))) • P^^t 



2 2 



and we define the ordering on the index set /' := {(01), (20), coi, a;2} of this basis : 

(01) < (20) <coi< C02- 

Now we have the following : 
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Theorem 5.2 (connection matrices). Let Miy'^'^^'"^) - 



I.i,ve]' 



be the 4x4-mfltn'x representing 



the linear isomorphism [y'^Jp] , that is, [y'^Jp] (Hf,) = Lytniyl^f^^.E^,. Then, 



10 

c -c c-1 -c + 1 
c -c-1 c -c + 1 

c -c-1 c-1 -c + 2 

-c 1 -c + 1 c-1 
10 
c + 1 -1 c -c + 1 

c + 1 -1 c-1 -c + 2 



10 

c -c c - 1 
10 

c -c-1 c-1 1 

-c 1 c-1 
10 

c + 1 -1 1 -c + 1 

1 



proof. Substituting the result of Proposition 15 . 1 1 for the twisted Picard-Lefschetz formula 



+ 



-c-1 



('7) ' (V) 



(ij) 



(ij) 



we obtain the assertion. 



□ 



Department of Mathematics 
Faculty of Science 
Kyoto University 
Kitashirakawa-Oiwakechou, 
Sakyouku, Kyoto 606-8502, 
Japan 

e-mail: koki@math.kyoto-u.ac.jp 



References 

[1] K.Aomoto, Equations aux differences lineaires et les integrales des fonctions multiformes. I. 
Theoreme d'existence, Proc. Japan Acad. 50(1974), 413-415. 

[2] K.Aomoto, Equations aux differences lineaires et les integrales des fonctions multiformes. II. 
Evanouissement des hypercohomologies et exemples, Proc. Japan Acad. 50(1974), 542-545. 

[3] K.Aomoto, On vanishing of cohomology attached to certain many valued meromorphic func- 
tions, J. Math. Soc. Japan 27(1975), 248-255. 

[4] K.Aomoto, Les equations aux differences lineaires et les integrales des fonctions multiformes, 
J. Fac. Sci. Univ Tokyo Sect. lA Math. 22(1975), no. 3, 271-297. 

[5] K.Aomoto, On the structure of integrals of power product of linear functions, Sci. Papers 
College Gen. Ed. Univ. Tokyo 27(1977), no. 2, 49-61 

[6] K.Aomoto, M.Kita, Choukikakannsuuron (hypergeometric functions) (Japanese), Springer- 
Verlag Tokyo, 1994 

[7] A.B.Givental, Twisted Picard Lefschetz formulas, translation in Funct. Anal. Appl. 22 (1988), 
no. 1, 10-18. 

[8] K-K.Ito, T.Mano, The Elliptic Hypergeometric Functions Associated to the Configuration 
Space of Points on an Elliptic Curve II : Twisted de Rham cohomology, in preparation 

[9] H.Watanabe, Transformation relations of matrix functions associated to the hypergeometric 
function of Gauss under modular transformations, J. Math. Soc. Japan 59 (2007), 113-126. 

[10] H.Watanabe, Twisted homology and cohomology groups associated to the Wirtinger integral, 
J. Math. Soc. Japan 59 (2007), no. 4, 1067-1080. 



9 



